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Motivation 

 We wish to use an ensemble of data assimilations to 
quantify the effect of model errors. 

 We use observations to determine the effect of 
model error since model error is unknowable a 
priori. 

 The aim is to set up an ensemble data assimilation 
system using an imperfect model such that: 

 the true state is a member of the ensemble at all lead times; 

 the ensemble spread, which measures the analysis and 
forecast error, is minimised. 
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Model Error 

Let’s regard the actual state of the atmosphere as a 
realisation of a stochastic process. 

Observations measure this single realisation (imperfectly). 

We do not know what other realisations are possible. 

The prediction of this (non-stationary) pdf requires the 
solution of the Fokker-Planck equation – impracticable. 

Verification is also impossible as only one realisation is 
observed. 

We can lump many cases into a single population – this 
will have stationary statistics. 
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Outline 

We show that: 

The analysis error of cycled data assimilation system converges to 
steady state under suitable stationarity assumptions. 

At steady state, the statistics of the analysis increments are the same 
as the statistics of the error growth within a data assimilation cycle. 

We use an ensemble of weak-constraint 4d-Vars cycled to     
a statistical steady state to determine the error growth. 

We can then create a ‘perfect’ stochastic model under the 
assumption that the error growth over a given time interval   
is random with stationary statistics. 

We show some consistency tests and preliminary results from 
a 10 member ensemble of 4d-Vars using operational data at 
125km resolution and 85 levels. 
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Introduction 

4d-Var is a fixed-lag smoother: information about 
model error can be deduced from the assimilation. 
 
We use a simple scalar analysis to show that the error 
in the cycled 4d-Var converges to a constant if the 
perturbation growth under the model is fixed and the 
statistics of the observation error and of the model 
error are stationary. 
 
This steady state solution is also the solution of an 
infinitely long window weak-constraint 4d-Var. 
 
In a real system though, the system has finite memory 
rather than the infinite memory of linear theory. 
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The analysis error of cycled 4d-Var 
converges to steady state 

pn: error at the beginning of the window 
 
The evolution of the error at the end of the window is: 
 

    λ: error growth rate 
    µ: constant forcing term 
 
The assimilation is carried out using a model giving 
perturbation growth m ≠ λ in each 4d-Var window. 
 
We assume the observation, with error r, is at the end of 
the window.  
 
We apply standard theory. 

 np2



CliMathNet Conference 2013, 1st – 5th July, University of Exeter © Crown copyright  

The analysis error at the end of window is: 
 

  
 
 

k: Kalman gain  
d: assumed variance of the prior 
 
then: 
 
 
 
 

     the observations are ignored 
     

  the error is controlled by the observations 
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The analysis error of cycled 4d-Var 
converges to steady state 
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Assuming r, λ, µ and m are the same for all windows, 
the steady state solution is: 
 
 
 
 
 
for α<1 which implies: 
 
p∞ is less than r if: 
 
 

If this condition is satisfied, the analysis will fit the  
observations to within the observation error. 
      

The analysis error of cycled 4d-Var 
converges to steady state 
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p∞ is minimised when d = dopt = λ2p∞+µ, i.e. the assumed 
variance of the prior is equal to the forecast error at the time 
the observation is valid. 
 
For the optimum choice dopt: 

 

The stats of the analysis increments   
are the same as the stats of the error 

growth at steady state. 
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and therefore p∞=kr which is always less than r so that the  
observations are fitted within the observation error.  
     Cullen, QJRMS (2012) 
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The expected variance of the innovation at the steady state is:  
 
 

and the expected variance of the analysis increment is:  
 
 
The analysis error pn+1 at the end of the window is given by: 
 
 
The steady state assumption means pn+1=p∞: 
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The stats of the analysis increments   
are the same as the stats of the error 

growth at steady state. 

The analysis increment compensates for the growth of 
the steady state error p∞ and the additive error µ. 
 

The expected value of i is not the same as the forecast 
error variance d= λ2p∞+µ=i+p∞. 
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The model error is unknowable a priori, but it can be 
characterised using observations. 

We can create a data-driven representation of error 
growth by using the statistics of the analysis 
increments. 

If the analysis increments dW are assumed to be a 
random draw from a population with stationary 
statistics, we define a stochastic model as: 

 

where x is a model state, M is the deterministic model 
and dW a stochastic forcing term. 

 

Stochastic model 

dWdtMd  )(xx
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Definition: A perfect stochastic model is such that, 
given an initial state that fits the observation to within 
the observation error, there is a realisation of the model 
that continues to do so for all lead times. 
 
Remark 1: if we have a cycled ensemble of analyses, 
such that all members fit the observations to within the 
observation error, each member form such realisation. 
 
Remark 2: A perfect stochastic model is not unique. 
 
Remark 3: If the deterministic model dx=M(x)dt is 
perfect, then it is also a perfect stochastic model. 

‘Perfect’ stochastic model 
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Implementation in an        
ensemble of 4d-Vars 

The aim is to set up an ensemble data assimilation system using 

an imperfect model such that:  
 the true state is a member of the ensemble at all lead times; 

 the ensemble spread is minimised. 

 

We use an ensemble of 4d-Vars with prior error covariance Q, 
cycled to statistical steady state. Each ensemble member is then 
augmented by the stochastic term dW and run into the forecast. 
 
Each ensemble member will be a realisation of a ‘perfect’ 
stochastic model provided that Q is chosen so that each 
member of the analysis ensemble fits the observations to  
within the observation error. 
 

We use 10 member ensemble of 4d-Vars and the Met Office 
UM at 125km resolution and 85 levels. 
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An ensemble constructed  from  
with dW defined using the analysis increments may not 
have the corrected spread, if the analysis increments are 
not random. 
 
We test the hypothesis that the truth is a member of the 
ensemble by verifying the ensemble forecast against a 
random member of the analysis ensemble – equivalent to 
the verification against the truth if the analysis is 
statistically optimal (Bowler et al. 2013). 
    
The model error is applied at the end of the assimilation 
window. We compare the T+6 ensemble spread with the  
RMSE of the ensemble mean. 

Randomness assumption of 
analysis increments 

dWdtMd  )(xx
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Random analysis increments 
assumption 

RMSE     
Anal. 

Spread 
Anal. 

Rel.diff 
(%) 

NH 1.0669 1.0904 - 2.2 

SH 1.0219 1.0689 - 4.6 

Tropics 1.1066 1.1625 - 5.0 

Global 1.0711 1.1166 - 4.2 

RMSE     
T+6 FC 

Spread  
T+6 FC 

Rel.diff 
(%) 

NH 4.7564 3.8773 18.5 

SH 3.8711 3.2139 17.0 

Tropics 2.2094 1.9550 11.5 

Global 3.4684 2.8936 16.6 

The mismatch between the spread and the error is less than 20%: 
The randomness assumption fails with less than 20% error. 
 
The ensemble of analyses is a few % over-dispersive, because  
of sampling error (only 1 week sample).  
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Fully time-correlated analysis 
increments assumption 

RMSE     
Anal. 

Spread 
Anal. 

Rel.diff 
(%) 

NH 1.0369 1.0522 - 1.48 

SH 1.0287 1.0332 - 0.44 

Tropics 1.1312 1.1590 - 2.46 

Global 1.0779 1.0966 - 1.73 

RMSE     
T+6 FC 

Spread  
T+6 FC 

Rel.diff 
(%) 

NH 6.3540 1.3341 80.0 

SH 4.8793 1.2400 74.6 

Tropics 2.8072 1.2080 57.0 

Global 4.5076 1.2458 72.4 

This suggests that there is some degree of time correlation which 
should be allowed for when defining dW. 
 
This is consistent with the previous results – the model error may  
be slightly correlated in time.  
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RMSE versus Spread  
at longer lead times 

Errors in the 
randomness  
assumption are 
a bit bigger 
than at T+6. 
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Ensemble mean vs deterministic 
RMSE 

Reduction of 
the RMSE in 
the tropics 
and NH. 
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Verifying covariance structure 

The Minimum Spanning Tree (MST) rank histogram 
verification allows the covariance structure of the  
ensemble to be verified, as well as the spread-skill relation. 

First we correct the ensemble data at a set of verification 
points for bias and spread.  

We then assess whether the ensemble correlation scale is 
correct by using verification points with different choices  
of separation distance. 

If the ensemble and the verification have been drawn from 
the same probability distribution, the MST rank histogram 
should be essentially uniform over a large number of 
forecast occasions. 
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Z@500hPa MST rank histogram 

Points close together 

Points far apart 

The correlation of the 
ensemble are less strong 
than those of the error: this 
might be due to sampling. 

The correlation of the 
ensemble and of the error 
are similar: the ensemble 
and the verification are 
sampled from the same 
pdf. 
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Failure of the random assumption 

What could explain the 20% mismatch? 

The analyses are non-optimal which indicate that 
the standard assumptions are not valid; 

The assimilation procedure is not consistent with 
the choice of the prior error covariance; 

The analysis increments are correlated in time; 

There is inconsistency between the analysis 
increments and the forcing term. 
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Time correlation of analysis 
increments (NH) 

Strong  
semi-diurnal 
correlation 
for Q. 

Diurnal 
correlation 
for u wind? 
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Time correlation of analysis 
increments (EQU) 

Diurnal 
correlation 
for Q. 

Significant 
longer time 
correlation 
for u wind. 
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Simplified vs consistent assimilation in 
presence of model error (u at 850 hPa) 

More 
variance and 
larger scale 
if consistent. 
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Simplified vs consistent assimilation in 
presence of model error (Q at 850 hPa) 

More 
variance and 
larger scale if 
consistent: 
bigger effect! 
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Conclusions 

We have demonstrated that the statistics of the analysis 
increments is equal to the statistics of the error growth 
at steady state. 
 
We have demonstrated how to create a data-driven  
representation of the error growth and how to use it to  
generate an accurate ensemble to calibrate the error 
covariance in data assimilation systems. 
 
We have illustrated that data assimilation can be useful 
to quantify uncertainties in model predictions. 
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Thank you for your attention 
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Physically based stochastic forcing 

There are various physically-based stochastic models. 
 
MOGREPS, the Met Office operational EPS, uses: 

Random perturbations to physical parameteres 
Stochastic kinetic energy backscatter (SKEB) 
 

 
How does this scheme compare with the data-driven  
model error forcing? 
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Ensemble mean error vs control 
(physics-driven model error forcing) 
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Ensemble mean error vs control 
(data-driven model error forcing) 
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Ensemble mean error vs control 
(physics-driven model error forcing) 
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Ensemble mean error vs control 
(data-driven model error forcing) 
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Z@500hPa MST rank histogram 

• Points close together: The correlation of the ensemble 
members is much stronger than the correlation of the 
forecast error. 
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• Points far apart: The ensemble members are still well 
correlated and the truth is an outlier. Results suggest that 
the ensemble members have large scale systematic error.  

Z@500hPa MST rank histogram 
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ECMWF SPPT+SPBS 

• Points far apart: no large systematic error. 



CliMathNet Conference 2013, 1st – 5th July, University of Exeter © Crown copyright  

Geographical variation of spread 
at T+6h (physics-driven) 
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Geographical variation of spread 
at T+6h (data-driven) 
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Comments on results 

Data-driven model error forcing provides better match between 
spread and rmse and in the tropics it improves significantly the 
rmse of the ensemble mean.  

Results suggest that the ensemble members have large scale 
systematic error. Operational ensembles do not show this 
problem, maybe because the ensemble has higher resolution. 

ECMWF showed that errors are much more random and finer 
scales when the resolution reaches T511 (60 km). 

The physics-driven model error forcing picks up sources of 
model error mainly in the Northern Hemisphere storm track. 

The data-driven model error forcing better represents the error 
in the Southern Hemisphere. 

 


